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Consider the control system 
on the connected, real-analytic n-manifold M, where each controller 
ui: R -+ R is piecewise-analytic (not necessarily continuous) and X,, , 
X r ,..., X, are analytic vectorfields on M.
In [I], Elliott gives a Lie-algebraic ne essary condition for (S) to be 
controllable, given that TQ(M) contains oelement of infinite order. His first 
proof uses Haefliger’s e ult that a closed curve transverse toan analytic 
foliation of codimension e represents an element of infinite order in rl(M), 
but he also gives an alternative argument which appears to be wrong, since it 
precludes the existence ofdense leaves of a certain foliation. I  this note we 
suggest yet another proof of Elliott’s re ult. 
Let Mf = M x R, and let V+ denote the set of all time-invariant vec or- 
fields onM+. The subalgebra V of V+ consisting of all the vectorfields on M+
with zero time-component can be identified with the Lie algebra ofall vector- 
fields onM. Let H+ denote the submodule of V+ generated byY,, = X,, + a/at 
and X, ,..., X, and let H be the submodule of Vgenerated by X,, , X, ,..., X . 
Let A’J be the Lie subalgebra ofV generated by Hand A+ the Lie subalgebra 
of V+ generated byH+. Elliott’s re ult can be stated as follows. 
THEOREM. If (S) is controllable, and if rl(M) has no element of in.nite 
order, then dim(A,+) = n + 1 for ewe~y x E M, where A,+ = {X(x): X E A+}. 
(In other words, A+ has rank n + 1). 
Proof. Let B = A0 n A+. Following [l], one shows that dim(B,) > n - 1 
for every x E M, that rank B = n implies rank A+ = n + 1, and that if 
dim(Bs) = n - 1 for some y E M, then B has rank r~ - 1. Then, arguing by 
contradiction, we assume that rank B = n - 1 and let F denote the corre- 
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sponding foliation fcodimension one. Given any x E M, we can find a chart 
(U; x1 ,..., x ) about z such that a/ax, ,..., a/ax,-l form a basis for B in U 
and the coordinate slices x, = const are integral manifolds ofB. If, in these 
coordinates, X0 = CL,fi a/axi ,then fn is never zero (since X0 is linearly 
independent ofB), and the condition [X0, B] _C B implies that af,,/ax, = 0 
for 1 <i < 12 - 1. 
We now define adifferential one-form on M as follows. For each WI E M, 
define a linear functional w,: T,M -+ R by w, . X,,(m) = 1, w,,, .B, = 0. 
Then W, E T,*M, and the cross-section w: M + T*M: m + w, is differen- 
tiable, since w = (l/f,J dx” if ( U; x1 ,..., x ) is as above. Further, dw = 
d(lifn) A dx” = 0. 
If y(t), tE (a, b), is a solution trajectory f(S), then 
WY(t) *Y(t) = Wv(t) - &(Y(t)) + 5 w WY(t) * WY(O) = 1 
i=l 
and so 
wvtt) - y(t) dt = b - a. 
Since w is closed, J , w depends only on the homotopy class of y, and we have 
a group homomorphism 
a: TV -+ R: [y] + 
I 
w. 
Y 
By controllability, g venxE M, there exists a solution trajectory [0, T] -+ 
M: t -+ y(t) of(S)wi = y(T) = zand T > 0. Fromabove, a([y]) = T, 
and since T # 0, [r] is an element of q(M) of infinite order, contrary to 
hypothesis. 
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